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Self-testing is a procedure for characterising quantum resources with the minimal level of trust. Up to now it
has been used as a device-independent certification tool for particular quantum measurements, channels and pure
entangled states. In this work we introduce the concept of self-testing more general entanglement structures.
More precisely, we present the first self-tests of an entangled subspace - the five-qubit code and the toric code.
We show that all quantum states maximally violating a suitably chosen Bell inequality must belong to the
corresponding code subspace, which remarkably includes also mixed states.
Introduction.— Authentically quantum effects such as en-
tanglement and measurement incompatibility play a key role
in the development of various quantum information protocols.
In this context, verifying that a device or an algorithm indeed
uses quantum resources is a very important task. There are
many frameworks for such kind of verification, in a broad
sense known as testing of quantum properties [1]. In a stan-
dard quantum property testing scenario a user, usually called
verifier, aims to certify that their devices, commonly named
provers, exploit some quantum resource.
The strongest form of verification is device-independent
(DI) [2–4] in which no assumptions are made on the devices;
they are simply treated as black-boxes. A DI certification per-
formed by a completely classical verifier is also known as self-
testing [5, 6]. In such a scenario the only way to verify the
’quantumness’ of the provers is to interact with them, for ex-
ample by asking them some questions by means of classical
communication channels and receiving the answers through
the same channels (see Fig. 1). Any information about the un-
derlying physical system is then inferred by the verifier from
the observed correlations between those answers.
In a self-testing scenario, a central concept is that of Bell
nonlocality [7]. Observing nonlocal behaviours is essential to
certify several interesting properties of quantum systems, such
as the exact form of a quantum state [8–10], measurement [11,
12] or a channel [13, 14], all this up to certain well-understood
equivalences. However, self-testing has so far been deemed as
a procedure tailored to a single quantum state and it has been
a highly nontrivial question if it can be used to certify less
specific quantum properties.
Here we address this problem and introduce the definition
of self-testing of genuinely entangled subspaces, which are
subspaces of multipartite Hilbert spaces consisting of only
genuinely entangled pure states (see, e.g., [15]). Although
Bell inequalities maximally violated by more than a single
pure state are already known (e.g. Refs. [16, 17]), we show
for the first time that this kind of violation can be exploited
to certify that a quantum state belongs to such a subspace.
Hence, we present a relaxed definition of self-testing that is
not able to distinguish between any mixture of the vectors
belonging to the self-tested subspace. We present a first ap-
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FIG. 1. A model of self testing: a classical verifier V aims to cer-
tify a particular quantum property of the resource shared by non-
communicating provers Pi. The verifier sends different classical in-
puts xi to the provers and they respond with classical outputs ai. If
nonlocal, correlations between the outputs allow the verifier to make
nontrivial conclusions about that quantum property.
plication of such a relaxed self-testing by constructing Bell
inequalities whose maximal violation is attained by states be-
longing to some representative entangled subspaces, namely
those used in stabilizer error correcting codes [18]. In particu-
lar, we focus on paradigmatic examples such as the five-qubit
code [19, 20] and the toric code [21], the latter allowing us
to show that self-testing of subspaces is possible for systems
composed of any number of particles. Interestingly, while still
being based on the stabilizer formalism, our Bell inequalities
are inequivalent to those presented in [22].
Preliminaries. We begin with some preliminaries.
(1) The Bell scenario. Following the scenario depicted in
Fig. 1, let us consider N spatially separated provers Pi shar-
ing a quantum state ρP that acts on some finite-dimensional
Hilbert spaceHP = HP1⊗· · ·⊗HPN and a verifier V asking
them questions xi. Upon receiving the question xi the prover
Pi measures a quantum observable A
(i)
xi on their share of ρP
and returns V the outcome of that measurement ai. Here we
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2consider the simplest scenario in which all provers measure
binary observables whose outcomes are labelled ai = ±1. If
this procedure is repeated sufficiently many times, the verifier
can estimate the collection P of expectation values
〈A(i1)xi1 · · ·A
(ik)
xik
〉 = Tr
[(
A(i1)xi1 ⊗ · · · ⊗A
(ik)
xik
)
ρP
]
(1)
with i1 < i2 < . . . , < ik, k = 1, . . . , N and ij = 1, . . . , N .
Below we refer to P as to behaviour or simply correlations.
The key ingredient making device-independent verification
possible is that the correlations observed by the verifier ex-
hibit quantum nonlocality [7]. The phenomenon of nonlo-
cality consists of the existence of quantum correlations that
cannot be reproduced by any local-realistic theory, or, phras-
ing alternatively, that violate Bell inequalities which bound
the strength of correlations achievable in such theories. Re-
call the most general form of a multipartite Bell inequality to
be
IN :=
N∑
k=1
∑
1≤i1<i2<...<ik≤N
xi1 ,...,xiN=0,1
αi1,...,ikxi1 ,...,xik
〈A(i1)xi1 . . .A
(ik)
xik
〉 ≤ βc,
(2)
where βc is the local bound, that is, the maximal value of IN
over all local-realistic correlations.
(2) Genuinely entangled subspaces. Consider a bipartition
ofN provers into two disjoint and nonempty groupsG andG′
and a pure multipartite state |ψ〉 ∈ HP . We call it genuinely
entangled if for any such bipartition G|G′ it cannot be writ-
ten as a tensor product of pure states corresponding to G and
G′. We then call a subspace of HP genuinely entangled if it
consists of only genuinely entangled states (cf. Ref. [15]).
(3) Stabilizer codes. The N -fold tensor products of the
Pauli operators {X,Z,Y, 1 } with the overall factor ±1 or ±i
forms the Pauli group PN under matrix multiplication. A
stabilizer SN is any Abelian subgroup of PN , and the sta-
bilizer coding space CN consists of all vectors |ψ〉 such that
Si |ψ〉 = |ψ〉 for any Si ∈ SN . Hence, CN is the eigenspace
of SN corresponding to the eigenvalue +1. Its dimension de-
pends on the number of independent generators Si of the sta-
bilizer or, equivalently, the number of elements of SN : if SN
has 2N−k elements for some 0 ≤ k < N , then dimCN = 2k.
A stabilizer subspace of dimension 2k might be used to en-
code k logical qubits; the corresponding vectors belonging to
CN are called quantum code words (for more details see Refs.
[18, 23, 24]).
In the particular case of |SN | = 2N , the subgroup stabilizes
a unique state, known as the stabilizer state. Any stabilizer
state is equivalent to a certain graph state under local unitary
operations (see, e.g., Ref. [25]), and self-testing methods for
graph states are already known [9, 26]. Our aim here is to go
beyond the k = 1 case and provide device-independent certi-
fication methods for higher-dimensional subspaces CN . Still,
in order to exploit nonlocality as the resource for certification
we restrict our attention to those stabilizers that generate gen-
uinely entangled subspaces. In Appendix B we also provide
a simple sufficient criterion to ascertain that a given stabilizer
gives rise to a genuinely entangled subspace.
Self-testing of entangled subspaces. Let us start off by
providing the definition of self-testing of an entangled sub-
space. To this aim, let HP be, as before, the prover’s
Hilbert space. Let then HP ′ be a Hilbert space with di-
mension equal to that of the entangled subspace we want to
self-test whereas HP ′′ some auxiliary Hilbert space such that
dimHP = dimHP ′ dimHP ′′ . Notice that for the examples
considered belowHP ′ = (C2)⊗N .
Let then |φ〉PE be a purification of the mixed state ρP
shared by the provers to a larger Hilbert spaceHPE = HP ⊗
HE , where HE represents all potential degrees of freedom
which provers do not have access to.
Definition. The behaviour P self-tests the entangled sub-
space spanned by the set of entangled states {|ψi〉}ki=1 if for
any pure state |φ〉PE ∈ HPE compatible with P through (1)
one can deduce that: i) every local Hilbert space HPi =
HP ′i ⊗ HP ′′i ; ii) there exists a local unitary transformation
UP = U1 ⊗ · · · ⊗ UN acting onHP such that
(UP ⊗ 1E) |φ〉PE =
∑
i
pi |ψi〉P ′ ⊗ |ξi〉P ′′E (3)
for some normalised states |ξi〉 ∈ HP ′′ ⊗HE and some posi-
tive numbers pi ≥ 0 such that
∑
i p
2
i = 1.
Notice that, analogously to self-testing of quantum states,
self-testing of subspaces, being based on drawing conclusions
only from the observed correlations P , can be done only up
to certain equivalences such as local unitary transformations
or extra degrees of freedom described by HP ′′ and HE . In-
terestingly, here we identify an additional degree of freedom
encoded in the scalars pi. The freedom of varying the values
of those scalars implies that self-testing of an entangled sub-
space can also be understood as self-testing of all mixed states
supported on that subspace and giving rise to the correlations
P .
In what follows, we will show how to prove a self-testing
statement according to the above definition based solely on the
fact that the observed behaviour maximally violates a certain
multipartite Bell inequality. As target subspaces we choose
those used in quantum error correction. As quantum code
words are highly entangled states, it is natural to expect them
to display nonlocal correlations [27, 28]. Notice that for our
purposes it is not enough to simply observe nonlocal corre-
lations, but it is crucial to prove that states belonging to the
subspaces of interest maximally violate a Bell inequality and
such an inequality has to be carefully tailored to the consid-
ered code space. A method based on the stabilizer formalism
that does the job was recently put forward in Ref. [22]. Here
we provide an alternative construction, inspired by Ref. [26],
that allows us to make a straightforward connection to the self-
testing proof.
The five-qubit code. The five-qubit code is the smallest pos-
sible code that corrects single-qubit errors [19, 20] on a logical
3qubit. It is also a stabilizer code, generated by the following
four operators acting on (C2)⊗5:
S1 = X
(1)Z(2)Z(3)X(4), S2 = X
(2)Z(3)Z(4)X(5),
S3 = X
(1)X(3)Z(4)Z(5), S4 = Z
(1)X(2)X(4)Z(5), (4)
where X(i),Z(i) are the Pauli matrices acting on qubit i. One
can check that the four operators above are independent and
hence the code space, denoted C5, is two-dimensional, and,
importantly, it is genuinely multipartite entangled (see Ap-
pendix B for a proof).
In order to prove a self-testing statement for this subspace,
we introduce a Bell inequality that is maximally violated by
any pure state from C5. To do so we build the inequality di-
rectly from the generators (4). For the first party we assign
X(1) → (A(1)0 + A(1)1 )/
√
2 and Z(1) → (A(1)0 − A(1)1 )/
√
2,
while for the remaining parties we simply replaceX(i) → A(i)0
and Z(i) → A(i)1 , where A(i)j are arbitrary binary observables
(of unspecified but finite dimension) that are to be measured
in a Bell experiment. Let then S˜i denote operators obtained
from (4) by making the above substitutions.
By considering a suitably chosen linear combination of the
expectation values of S˜i, we obtain the following Bell inequal-
ity
I5 = 〈(A(1)0 +A(1)1 )A(2)1 A(3)1 A(4)0 〉+ 〈A(2)0 A(3)1 A(4)1 A(5)0 〉
+〈(A(1)0 +A(1)1 )A(3)0 A(4)1 A(5)1 〉
+2〈(A(1)0 −A(1)1 )A(2)0 A(4)0 A(5)1 〉 ≤ 5 (5)
whose local bound was directly computed by optimizing I5
over deterministic strategies for which A(i)xi = ±1.
The maximal quantum value of I5 can also be straightfor-
wardly determined and it amounts to βq = 4
√
2 + 1. To see
that such value can be achieved by any state from C5, let us
notice that by making the following measurement choices
A
(1)
0 =
X+ Z√
2
, A
(1)
1 =
X− Z√
2
, (6)
for the first party and A(i)0 = X and A
(i)
1 = Z (i = 2, . . . , 5)
for the remaining ones, I5 becomes the expectation value of
leads to the following Bell operator: B′5 =
√
2(S1 + S2 +
2S4) + S3. It follows that its maximal eigenvalue is 4
√
2 + 1
and it is precisely associated to the eigenspace stabilized by
the four generators Si given in Eq. (4).
To prove that there does not exist a quantum state and ob-
servables giving rise to a higher violation of I5 it is enough to
show that the following decomposition
βq1 − B5 = 1√
2
(
1 − S˜1
)2
+
1
2
(
1 − S˜2
)2
+
1√
2
(
1 − S˜3
)2
+
√
2
(
1 − S˜4
)2
, (7)
holds true, which implies that the eigenvalues of B5 do not ex-
ceed βq for any choice of local observables A
(i)
xi and quantum
state ρP .
Remarkably, the maximal violation of our inequality (5) al-
lows one to make the following self-testing statement.
Fact 1. Any behaviour achieving the maximal quantum viola-
tion of I5 self-tests the entangled subspace C5 in the sense of
our definition.
Proof. Here we provide a sketch of the proof for illustrative
purposes, deferring the details to Appendix A. Imagine that
a state |φ〉PE ∈ HPE and observables A(i)xi acting on HPi
maximally violate our inequality (5). From the decomposition
(7) one deduces that
(S˜i ⊗ 1E) |φ〉PE = |φ〉PE (8)
for i = 1, . . . , 4, which can be used to prove the existence of
local unitary operations Ui acting onHPi such that US˜iU† =
Si ⊗ 1P ′′ for i = 1, . . . , 4,where U = U1 ⊗ . . .⊗ U5 and the
operators Si are given in Eq. (4). This allows us to rewrite
(8) as (Si ⊗ 1P ′′E) |ψ〉PE = |ψ〉PE with |ψ〉PE = (U ⊗
1E) |φ〉PE . As we show in Appendix A, the most general
state satisfying all these four conditions is exactly p |ψ1〉 ⊗
|ξ1〉 +
√
1− p2 |ψ2〉 ⊗ |ξ2〉, where 0 ≤ p ≤ 1, |ψ1〉 and
|ψ2〉 are two orthogonal five-qubit states spanningC5 whereas
|ξ1〉 and |ξ2〉 are some auxiliary quantum states from HP ′′ ⊗
HE .
The toric code.—The toric code is a paradigmatic exam-
ple of the class of topological quantum error correction codes
[21]. It allows one to store two logical qubits in four multi-
qubit pure states of arbitrarily large number of particles. The
logical qubits can be associated to ground states of a 1/2-spin
model on a torus, that is, a two-dimensional spin square lattice
with periodic boundary conditions in which qubits are associ-
ated to the edges (see Fig. 2).
The toric code is also a stabilizer code with two types of
stabilizing operators: the vertex and plaquette operators
Sv =
∏
i∈v
X(i) , Sp =
∏
i∈p
Z(i) . (9)
For each of the generators Sv and Sp, the product runs over
operators acting qubits sharing the same vertex v plaquette p
respectively (see Fig. 2). The above generators are not all
independent, since they satisfy
∏
v Sv =
∏
p Sp = 1. By
simple counting arguments, it follows that the set of states sta-
bilized by these operators spans a four-dimensional subspace,
denoted CtorN , for any choice of the lattice size L.
The Bell inequality maximally violated by any mixed state
supported in CtorN can be derived in a manner analogous
to the one described in the previous example. For an ar-
bitrarily chosen edge j, we substitute the Pauli operators
X(j),Z(j) acting on the corresponding qubit with the com-
binations (A(j)0 ± A(j)1 )/
√
2, while for the other qubits we
simply have X(i),Z(i) → A(i)0 ,A(i)1 (i 6= j). By applying this
substitution to Sv and Sp we obtain operators S˜v and S˜p from
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FIG. 2. The toric code. Each edge of the lattice represents a qubit.
Stabilizing operators can be divided in two groups: those associated
to each lattice vertex v with X acting on every qubit associated to
an edge attached to the given vertex, or associated to each plaquette
p of the lattice with Z acting on each qubit represented by an edge
surrounding the plaquette.
which we obtain the following Bell inequality
ItorN :=
∑
v
〈S˜v〉+
∑
p
〈S˜p〉 ≤ βtorc (N). (10)
It is not difficult to realize that its classical bound βtorc (N)
amounts to βtorc (N) = 2
√
2 + |p| − 2 + |v| − 2 = N −
2
√
2(
√
2 − 1). Moreover, as we prove it in the Appendix A
the quantum bound is βtorq (N) = 4 + |p| + |v| − 4 = N >
βtorc (N). It follows that any pure state from C
tor
N achieves it,
meaning that CtorN is an entangled subspace; in fact, in Ap-
pendix B we prove it to be genuinely entangled. More impor-
tantly, as we prove in Appendix A, the following self-testing
statement can be made for it.
Fact 2. Any N -partite behaviour P achieving the maximal
quantum violation of ItorN self-tests the entangled subspace
CtorN .
Geometrical considerations. A Bell inequality is generally
believed to be useful for state self-testing only if its maxi-
mal violation can be associated to a single quantum state and
to a single point in the set of quantum correlations [17]. Re-
markably, it turns out that subspace self-testing allows to make
non-trivial self-testing statements about Bell inequalities max-
imally violated by more than one correlation point (hence by
all the non-extremal points in between them).
We show that this is the case by using the example of the
five-qubit code, while leaving the more general case of the
toric code for the Appendix. First, we identify two orthog-
onal states |ψ1,2〉 in the stabilized subspace C5 as those as-
sociated to the eigenvalues −1,+1 for the operator S5 =
Z(1)Z(2)Z(3)Z(4)Z(5). This can be done because S5 commutes
with all the generators (4) and it is independent from them. To
see that the behaviours P1, P2 obtained by performing the lo-
cal measurements in (6) on these two states are different, we
apply to S5 the map between Pauli matrices and observables
that we use to derive the Bell inequalities (5) and (10). By
using the fact that |ψ1,2〉 are eigenstates of that operators, one
derives that the corresponding behaviours lead to expectation
values satisfying
〈S˜5〉Pi =
1√
2
〈(A(1)0 −A(1)1 )A(2)1 A(3)1 A(4)1 A(5)1 〉Pi = (−1)i,
(11)
which can only be fulfilled if the two correlators involved take
different values for P1 and P2.
Our results on subspace self-testing can thus be seen as
complementary to the weaker form of self-testing presented
in [29]. While in [29] the multiple correlations points associ-
ated to the self-testing statement are achieved by varying the
measurement operators, we obtain a similar phenomenon by
changing the quantum state instead.
Discussion. We introduce the notion of self-testing of en-
tangled subspaces—a device-independent method of certifi-
cation that an entangled state belongs to a certain subspace of
dimension at least two. Exploiting then the stabilizer formal-
ism in the multiqubit Hilbert spaces we present two examples
of multipartite Bell inequalities whose maximal quantum vio-
lation serves the purpose, that is, enables self-testing of entan-
gled subspaces according to our definition. These are the two-
dimensional subspaces corresponding to the five-qubit code
as well as the four-dimensional subspace corresponding to the
toric code, both well-known in the context of quantum error
correction. On a more fundamental level, our Bell inequalities
identify face structures in the set of quantum correlations of
nonzero dimension, showing at the same time that self-testing
methods are not limited to extremal points in the quantum set,
but can also be attributed to higher-dimensional flat objects in
its boundary such as faces (see also Ref. [29]); in particular,
here we show that in the simplest multipartite Bell scenario,
the quantum set has a face of dimension three for any number
of parties (see Appendix C).
Our work opens a plethora of possibilities for future re-
search. For instance, it is interesting to understand whether
our self-testing techniques can be generalized to other stabi-
lizer error correcting codes (see [30] for a recent progress on
this point); in particular, it is unclear whether our approach ap-
plies to subspaces which are not genuinely entangled such as
for instance the one corresponding to the Shor code. On the
level of quantum correlations it is interesting to understand
what is the maximal dimension of the face structure that can
be identified with the aid of Bell inequalities obtained within
our approach. We also leave for future research a potential
applicability of self-testing of the error correcting codes in
quantum computing protocols. Let us finally notice that our
work should be understood as a proof of principle, and there-
fore the question of robustness of our self-testing statements
is deferred to future considerations.
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APPENDIX A: PROOFS OF SELF-TESTING STATEMENTS
Here we provide full proofs of the self-testing statements
for the subspaces considered in the main text. For complete-
ness we first recall a very useful fact, proven already in Refs.
[31, 32] that will be used in our proofs.
Lemma 1. [31, 32] Consider two hermitian operators X˜ and
Z˜ acting on a Hilbert space H of dimension D < ∞ and
satistfying the idempotency property X˜2 = Z˜2 = 1 as well
as the anticommutation relation {X˜, Z˜} = 0. Then, H =
C2⊗Cd for some d such that D = 2d, and there exist a local
unitary operator U for which
UX˜U† = X⊗ 1 d , UZ˜U† = Z⊗ 1 d , (12)
where X and Z are the 2× 2 Pauli matrices introduced before
and 1 d is a d× d acting on the auxiliary Hilbert space.
This above lemma provides a way to characterise the mea-
surement observables from their commutation properties. If
the state to be self-tested can be tomographically retrieved by
using two Pauli measurements, proving Lemma 1 basically
reduces self-testing to the quantum state tomography.
Proof. First of all, the fact that X˜ and Z˜ square to identity
and are hermitian implies that their eigenvalues are ±1. This
means that they are also unitary and allows one to rewrite the
anticommutation relation {X˜, Z˜} = 0 as
X˜Z˜X˜ = −Z˜, (13)
or as
Z˜X˜Z˜ = −X˜. (14)
As both X˜ and Z˜ are unitary and hermitian, these identities
imply that the eigenspaces of both these operators correspond-
ing to the eigenvalues ±1 have equal dimensions. This has
two consequences. The first one is that the Hilbert space they
both act on is H = C2 ⊗ Cd with finite d such that D = 2d.
The second one is that there exists a unitary U : H → H
which brings the eigenvectors
∣∣e±i 〉 of Z˜ to the product form
U
∣∣e+i 〉 = |0〉 |gi〉 , (15)
U
∣∣e−i 〉 = |1〉 |gi〉 , (16)
with |gi〉 being some orthogonal basis in Cd, which means that
UZ˜U† = Z⊗ 1d. (17)
To obtain (12) for the X˜ operator it is enough to notice that
Eq. (13) implies that X˜ exchanges the eigenvectors of Z˜ cor-
responding to different eigenvalues, that is,∣∣e−i 〉 = X˜ ∣∣e+i 〉 .
Thus, in the product basis (15), X˜ is of the form
UX˜U† = X⊗ 1d, (18)
which completes the proof.
Self-testing the five-qubit code subspace
In this section we provide a detailed proof of self-testing of
theC5 subspace stabilized by the operators (4). To this aim let
us assume that a state |φ〉 ∈ HPE and observables A(i)xi acting
on HPi violate maximally our inequality (5). Then, making
the following substitutions
X˜(1) =
1√
2
[
A
(1)
0 +A
(1)
1
]
, Z˜(1) =
1√
2
[
A
(1)
0 −A(1)1
]
,
(19)
and X˜(i) = A(i)0 and Z˜
(i) = A
(i)
1 for i = 2, . . . , 5, the oper-
ators S˜i introduced already in the main body of our work can
be stated as
S˜1 = X˜
(1)Z˜(2)Z˜(3)X˜(4), S˜2 = X˜
(2)Z˜(3)Z˜(4)X˜(5),
S˜3 = X˜
(1)X˜(3)Z˜(4)Z˜(5), S˜4 = Z˜
(1)X˜(2)X˜(4)Z˜(5).
(20)
From the sum-of-squares decomposition (7) we deduce that
they satisfy the following conditions
S˜i |φ〉 = |φ〉 . (21)
where to simplify the notation, here and below we omit the
identity acting onHE .
Let us now prove, using relations (21), that for any i, the
operators X˜(i) and Z˜(i) satisfy the conditions of Lemma 1
on the support of ρi with the latter being the reduced density
matrix of |φ〉 corresponding to the Hilbert spaceHPi . First, it
is direct to see that, by the very construction, X˜(1) and Z˜(1)
satisfy the anticommutation relation
{X˜(1), Z˜(1)} = 0. (22)
To prove that they also square to identity on the support of ρ1
we use the condition (21) for i = 1 and i = 4, obtaining
S˜21 |φ〉 = S˜24 |φ〉 = |φ〉 , (23)
which due to the fact that [X˜(i)]2 = [Z˜(i)]2 = 1 for i =
2, . . . , 4 immediately imply that [X˜(1)]2 = [Z˜(1)]2 = 1 on
the support of ρ1.
7Let us now prove the anticommutation relations for the re-
maining operators X˜(i) and Z˜(i) (i = 2, . . . , 5); notice that,
by definition, they already satisfy [X˜(i)]2 = [Z˜(i)]2 = 1. To
this end, we rewrite the conditions (21) for i = 1, 4 as
X˜(2) |φ〉 = Z˜(1)X˜(4)Z˜(5) |φ〉 ,
Z˜(2) |φ〉 = X˜(1)Z˜(3)X˜(4) |φ〉 , (24)
which leads us to
{X˜(2), Z˜(2)} |φ〉 = {X˜(1), Z˜(1)}Z˜(3)Z˜(5) |φ〉 = 0, (25)
where the last equality is a consequence of Eq. (22). In a sim-
ilar way one can exploit the operator relations stemming from
Eq. (21) to obtain anticommutation relations for the remain-
ing three sites. Indeed, we can combine the conditions (21)
for S˜3 and S˜4 to get
{X˜(4), Z˜(4)} |φ〉 = {X˜(1), Z˜(1)}X˜(2)X˜(3) |φ〉 = 0 , (26)
and combine S˜2 and S˜4 to obtain
{X˜(5), Z˜(5)} |φ〉 = {X˜(4), Z˜(4)}Z˜(1)Z˜(3) |φ〉 = 0 . (27)
Finally, we combine the conditions arising from S˜2 and S˜3 to
show
{X˜(3), Z˜(3)} |φ〉 = {X˜(5), Z˜(5)}Z˜(1)Z˜(2) |φ〉 = 0 . (28)
Given the above anticommutation relations for operators
acting on all sites, we can now make use of Lemma 1 which
allows us to introduce the local unitary operationsUi : HPi 7→
HPi that map the operators Z˜(i), X˜(i) to the qubit Pauli ma-
trices in the sense that
UiZ˜
(i)U†i = Z
(i) ⊗ 1 P ′′i , UiX˜(i)U
†
i = X
(i) ⊗ 1 P ′′i , (29)
with i = 1, . . . , 5. If we define |ψ〉 = (U ⊗ 1E) |φ〉, where
U = U1 ⊗ . . . ⊗ U5, it follows from the conditions (21) and
the transformations (29), that
Si ⊗ 1 P ′′E |ψ〉 = |ψ〉 (i = 1, . . . , 4) , (30)
where Si are the qubit stabilizing operators defined in (4).
Let us finally prove that the most general form of a state
|ψ〉 ∈ (C2)⊗5 ⊗ HP ′′E compatible with the conditions (30)
is
|ψ〉 = p |ψ1〉 ⊗ |ξ1〉+
√
1− p2 |ψ2〉 ⊗ |ξ2〉 , (31)
where |ψi〉 are two orthonormal states spanning C5, |ξi〉 ∈
HP ′′E are some auxiliary states and p ∈ [0, 1].
To this aim, we consider the Schmidt decomposition of |ψ〉
with respect to the tensor product of the five-qubit Hilbert
space (C2)⊗5 andHP ′′E ,
|ψ〉 =
∑
j
λj |ηj〉 |ϕj〉 , (32)
where |ηj〉 ∈ (C2)⊗5 as well as |ϕj〉 ∈ HP ′′E are some
orthogonal vectors in the corresponding Hilbert spaces. By
plugging Eq. (32) into Eq. (30) we arrive at∑
j
λj(Si |ηj〉) |ϕj〉 =
∑
j
λj |ηj〉 |ϕj〉 , (33)
which after projecting onto |ϕj〉 gives Si |ηj〉 = |ηj〉 for every
i = 1, 2, 3, 4. This means that each vector |ηj〉 belongs to
the subspace C5 and therefore it might be written as |ηj〉 =
αj |ψ1〉+βj |ψ2〉 for some αj and βj such that |αj |2+|βj |2 =
1. Substituting this last form into Eq. (32), directly leads to
|ψ〉 = |ψ1〉 |ξ˜1〉+ |ψ2〉 |ξ˜2〉 (34)
with some in general unnormalized vectors |ξ˜j〉 ∈ HP ′′E .
Clearly, this can be rewritten as
|ψ〉 = p |ψ1〉 |ξ1〉+
√
1− p2 |ψ2〉 |ξ2〉, (35)
where p ∈ [0, 1] and |ξi〉 are now normalized. This completes
the proof.
Self-testing the genuinely entangled subspace corresponding to
the toric code
Let us begin by writing explicitly the Bell inequality max-
imally violated by any state belonging to CtorN . Recall to this
end that every qubit i is contained in two plaquettes and is
connected to two vertices, which we identify as p(i)1 , p
(i)
2 and
v
(i)
1 , v
(i)
2 respectively. Now, our Bell inequality reads
ItorN := 〈BtorN 〉 =
∑
v
〈S˜v〉+
∑
p
〈S˜p〉 ≤ βtorc (N), (36)
where the classical bound reads
βtorc (N) = N − 2
√
2(
√
2− 1), (37)
whereas the Bell operator is given by
BtorN =
1√
2
∑
k=1,2
(A
(j)
0 +A
(j)
1 )
∏
i∈v(i)k
i 6=j
A
(j)
0
+
1√
2
∑
k=1,2
(A
(j)
0 −A(j)1 )
∏
i∈p(i)k
i 6=j
A
(j)
1
+
∑
v 6=v(j)1 ,v(j)2
∏
i∈v
A
(i)
0 +
∑
p 6=p(j)1 ,p(j)2
∏
i∈p
A
(i)
1 , (38)
where qubit j is the chosen qubit for which our Bell expres-
sion contains combinations of observables.
The maximal quantum violation of this inequality amounts
to
βtorq (N) = 4 + |p|+ |v| − 4
= |p|+ |v| = N (39)
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FIG. 3. Graphical representation of the toric code model, where the light blue rectangles placed on each edge of the lattice represent qubits.
In short, we refer to a qubit associated to a vertical (horizontal) edge as a vertical(horizontal) qubit. To label qubits, we choose a reference
vertical qubits j and start counting forward by moving to the next vertical qubit on the right. By proceeding in this way, we label qubits from
j+1 to j+L− 1. After that, we move to the horizontal qubit on the top-right side of qubit j and label it j+L, proceeding then forward with
the next horizontal qubit to the right, until arriving at the qubit to the left of j + L. It then follows that the vertical qubit on top of j would be
labelled as j + 2L. Similarly, we can label plaquettes and vertex stabilizing operators depending on where are located with respect to a given
qubit, as shown in the Figure for the case of qubit j. An analogous procedure can be done to label operators with respect to a horizontal qubit.
For instance, we could refer to S(j)p,→ as S
(j+L)
p,↓ , or to S
(j)
v,↑ as S
(j+L)
v,← .
and can be achieved by the following measurements
A
(j)
0 =
X+ Z√
2
, A
(j)
1 =
X− Z√
2
, (40)
for the party j, and
A
(i)
0 = X, A
(i)
1 = Z (41)
for the remaining parties i 6= j, and any state belonging to
CtorN . It follows that (38) is violated for any N .
To prove that (39) is indeed the maximal quantum value of
BtorN one checks that the following sum-of-squares decompo-
sition holds true
βtorq (N)1 − BtorN =
1√
2
∑
k=1,2
1 − A
(j)
0 +A
(j)
1√
2
∏
i∈v(j)k
i6=j
A
(i)
0

2
+
1√
2
∑
k=1,2
1 − A
(j)
0 −A(j)1√
2
∏
i∈p(j)k
i 6=j
A
(i)
1

2
+
∑
v 6=v(j)1 ,v(j)2
(
1 −
∏
i∈v
A
(i)
0
)2
+
∑
p 6=p(j)1 ,p(j)2
1 −∏
i∈p
A
(i)
1
2 . (42)
Let us now move on to proving Fact 2. To this end, let
us assume that an N -partite state |φ〉 and observables A(i)xi
(xi = 0, 1) maximally violate our Bell inequality, that is
〈φ|BtorN |φ〉 = βtorq (N) (43)
with BtorN given in Eq. (38).
9Let us then introduce the operators
X˜(j) =
A
(j)
0 +A
(j)
1√
2
, Z˜(j) =
A
(j)
0 −A(j)1√
2
(44)
for the chosen party j, and X˜(i), Z˜(i) = A(i)0 ,A
(i)
1 for all
i 6= j. We now make use of the condition resulting from
the sum-of-squares decomposition (42) to prove that for any
i, the operators X˜(i), Z˜(i) anticommute and square to identity
on the support of ρi with the latter being the reduced density
matrix of |φ〉. Indeed, from Eqs. (42) and (43) one infers that
S˜v |φ〉 = S˜p |φ〉 = |φ〉 ∀p, v. (45)
To do so, it is convenient to associate to each qubit in the
lattice the subset of operators (63) that act non-trivially on it,
that is, those that contain X or Z on this site. It is easy to see
that for a two-dimensional lattice of any size there are pre-
cisely two vertex and two plaquette operators acting nontriv-
ialy on each qubit. For later convenience, let us then introduce
a notation for these four non-trivial generators: if the qubit j
corresponds to a horizontal edge, we identify the correspond-
ing generators as
{S(j)v,←, S(j)v,→, S(j)p,↑, S(j)p,↓} , (46)
where the arrows in the notation refer to where the vertex (pla-
quette) is located with respect to the qubit. Similarly, if the
qubit j corresponds to a vertical edge, we denote the corre-
sponding four stabilizing operators as
{S(j)v,↑, S(j)v,↓, S(j)p,←, S(j)p,→} . (47)
Notice that, given two neighbouring qubits (i.e., qubits asso-
ciated to edges connected to the same vertex), some of the
elements in the two subsets in (46) and (47) are common (see
Fig. 3 for an example). Let us now focus on the qubit j and
consider a vertex and a plaquette operator that act non-trivially
on j. Withouth loss of generality, we can take them to be S(j)v,↑
and S(j)p,→. From the stabilizing conditions (45) for S˜
(j)
v,↑ and
S˜
(j)
p,→ as well as the fact that, by the very construction, the op-
erators X˜(j) and Z˜(j) with j 6= i square to identity, we obtain(
X˜(j)
)2
|φ〉 =
(
Z˜(j)
)2
|φ〉 = |φ〉 . (48)
This directly implies that, as anticipated, both X˜(j) and Z˜(j)
square to identity on the support of ρj . Then, by virtue of Eq.
(44), one directly sees that
{X˜(j), Z˜(j)} = 0. (49)
Let us now move to the remaining pairs of operators X˜(i) and
Z˜(i) with i 6= j and prove that they anticommute too; recall
that by definition they square to identity. We will proceed in
a recursive way. First, let us assume that j is associated to a
vertical edge and consider one of the neighbours of j, denoted
j + L (cfr. Fig. 3). To prove the anticommutation relation for
the operators acting on this qubit we assume, without any loss
of generality that the plaquette and vertex operators shared
between party j and j + L are exactly S˜(j)v,↑ and S˜
(j)
p,→. By
making use of the corresponding stabilizing conditions (45)
and the fact that all the local operators square to identity on
the support of the state, we obtain the following equations
X˜(j+L) |φ〉 = X˜(j)X˜(j+2L)X˜(j+2L−1) |φ〉 ,
Z˜(j+L) |φ〉 = Z˜(j)Z˜(j+1)Z˜(j−L) |φ〉 , (50)
which lead us to
{X˜(j+L), Z˜(j+L)} |φ〉 = {X˜(j), Z˜(j)}X˜(j+2L)X˜(j+2L−1)
×Z˜(j+1)Z˜(j−L) |φ〉
= 0. (51)
In exactly the same way we can prove the anticommutation
relations for the remaining three neighbours of j which share
the plaquette and the vertex operators with it. To this end, it is
enough to combine the stabilizing conditions (45) correspond-
ing to these operators for j and its neighbour in the same way
as in (51).
One then realizes that the same approach can be applied to
any neighbour of these four neighbours of j, and, thus recur-
sively to any qubit of the lattice, which finally gives
{X˜(i), Z˜(i)} = 0 (52)
for any i.
Having the anticommutation relations for all the parties, we
make use of Lemma 1 which implies the existence of a unitary
operations Uj acting onHPj such that
UX˜jU
† = X(j) ⊗ 1P ′′j , UZ˜jU† = Z(j) ⊗ 1P ′′j (53)
for any j. Now, denoting |ψ〉 = U ⊗ 1E |φ〉, we see that |ψ〉
satisfies the following stabilizing conditions
Sv ⊗ 1 P ′′E |ψ〉 = |ψ〉 ∀ v ,
Sp ⊗ 1 P ′′E |ψ〉 = |ψ〉 ∀ p , (54)
where Sv and Sp are the stabilizing operators given in Eq.
(9). Using the same method as in the case of the five-qubit
code one can show that
|ψ〉 =
4∑
i=1
pi |ψi〉 ⊗ |ξi〉 , (55)
where pi are nonnegative numbers such that p21 + p
2
2 + p
2
3 +
p24 = 1, |ψi〉 are N -qubit vectors spanning CtorN and |ξi〉 ∈
HP ′′E are some auxiliary states. This completes the proof.
APPENDIX B: PROVING THAT SUBSPACES C5 AND CtorN
ARE GENUINELY ENTANGLED
Here we prove that the subspaces corresponding to the five-
qubit codeC5 and the toric codeCtorN are genuinely entangled,
that is, contain only multipartite genuinely entangled states.
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We begin by providing a simple sufficient criterion for a
subspace generated by a stabilizer S to be genuinely entan-
gled. To this end, assume that S is generated by a set of k
stabilizing operators {Si}ki=1. Consider then a bipartition of
N parties into two disjoint and nonempty groups G and G′
such that |G|+ |G′| = N , and denote by G the set of all such
bipartitions. Given a bipartition G|G′, every stabilizing oper-
ator Si can be written as
Si = S
G
i ⊗ SG
′
i (56)
with i = 1, . . . , k, where each SGi (S
G′
i ) acts on the Hilbert
space associated to the group G (G′). Notice that due to the
fact that for any pair i 6= j, the operators Si and Sj commute,
either
[SGi , S
G
j ] = 0 and [S
G′
i , S
G′
j ] = 0, (57)
or
{SGi , SGj } = 0 and {SG
′
i , S
G′
j } = 0. (58)
Let us now formulate our criterion.
Fact 3. Consider a stabilizer S generated by a set of stabiliz-
ing operators Si (i = 1, . . . , k). If for any bipartition of N
parties into two disjoint and nonempty subsetsG andG′ there
exist i 6= j such that {SGi , SGj } = 0, then the subspace CN
stabilized by Si is genuinely multipartite entangled.
Proof. Let us begin by assuming that the subspace CN is not
genuinely entangled, which means that it contains a pure state
|ψ〉 such that
|ψ〉 = |ψG〉 ⊗ |ψG′〉 (59)
for some bipartitionG|G′. From the fact that Si |ψ〉 = |ψ〉 we
infer that with respect to this bipartition
SGi |ψG〉 = eiϕi |ψG〉 (60)
for some ϕi ∈ R (analogous identities hold true for the G′
group). This contradicts the fact that there exist i 6= j such
that
{SGi , SGj } |ψG〉 = 0, (61)
which completes the proof.
Notice that, as Si mutually commute, the anticommutation
relation in Fact 3 might also be formulated for G′.
Subspace C5
Let us now illustrate the power of our criterion by applying
it to the subspace C5 corresponding to the five-qubit code.
Recall that the corresponding stabilizing operators are given
by
S1 = X
(1)Z(2)Z(3)X(4), S2 = X
(2)Z(3)Z(4)X(5),
S3 = X
(1)X(3)Z(4)Z(5), S4 = Z
(1)X(2)X(4)Z(5). (62)
In the five-partite case the relevant bipartitions can be di-
vided into two possibilities: one party versus the rest (five
such bipartitions) and two parties versus three (ten such
cases).
In the first case one notices that for any bipartition G|G′
with a single-element set G = {k} there always exists a pair
of the stabilizing operators such that SGi = X
(k) and SGj =
Z(k) and the condition (58) is satisfied.
Let us then consider the second case. By direct check
one realizes that for any bipartition G|G′ with G = {i, j}
such that i < j there exists a stabilizing operator Sm for
which SGm = X
(i)Z(j) (i < j) and another stabilizing op-
erator Sn (m 6= n) such that SGn = X(j) or SGn = Z(i) or
SGn = X
(i)X(j), or finally SGn = Z
(i)Z(j).
Subspace CtorN
Here we show, employing Fact 3, that the four-dimensional
subspaces identified by the toric code consist of only gen-
uinely entangled states. To this aim, it is enough to find, for
any bipartition G|G′, two stabilizing operators that anticom-
mute when restricted to G or G′. Recall that the stabilizer
associated to the toric code is generated by the following op-
erators
Sv =
∏
i∈v
X(i) , Sp =
∏
i∈p
Z(i) . (63)
where one defines a different Sv for any vertex and Sp for any
plaquette in the lattice. In the following we will provide a
constructive proof that such a set of stabilizing operators sat-
isfies the assumption of Fact 3 for a lattice of any size. Before
doing that, however, let us analyse some basic properties of
this stabilizer. Notice that plaquette and vertex operators are
composed of products of different Pauli matrices (Z and X
respectively) that, if taken independently, anticommute with
each other. However, the products in (63) are chosen carefully
in order to define stabilizing operators that mutually commute.
This happens because for any pair of plaquette and vertex op-
erator, the subsets of qubits on which they act non-trivially are
either disjoint or they overlap on exaclty two particles. In par-
ticular, the latter is exactly the case of a plaquette and a vertex
generator acting non-trivially on the same pair of neighbour-
ing qubits. For example, as shown in Figure 3, if j is a vertical
edge qubit, S(j)v,↑ and S
(j)
p,→ would be two mutually commuting
operators composed of a pair of anticommuting Pauli matri-
ces acting on j and its neighbour j + L. Notice that here we
are adopting the notation introduced in Appendix B to denote
stabilizing operators acting non-trivially on a given qubit.
We are now ready to go back to proving that the toric code
meets the assumptions of Fact 3, i.e., given any bipartition
G|G′, one can find two stabilizing operators that anticommute
when restricted to the subset G. Thanks to the analysis of the
commuting properties of the generators (63) conducted above,
it is now clear how to find two such operators. Namely, it suf-
fices to find a pair of neighbouring qubits i and j, belonging
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to a different subset of the bipartition, i.e., i ∈ G and j ∈ G′
or vice versa. Then, the two anticommuting operators will
be the plaquette and vertex operator acting non-trivially on
both the qubits restricted to, for example, the subset contain-
ing i. Indeed, since j does not belong to the same subset, it
follows that the non-trivial support of the two restricted gen-
erators now overlaps only on qubit i, where the two operators
act with the Pauli matrix X and Z respectively.
Therefore, proving that the subspace stabilized by the toric
code is GME for any number of partices reduces to showing
that such a pair of anticommuting operators can be found for
any nontrivial bipartition G|G′ with G,G′ 6= ∅.
To see that this is indeed the case it is enough to realize that
for any bipartitionG|G′ there exist a vertex operator Sv which
is divided between G and G′ in the sense that at least one of
the qubits Sv acts on belongs to G and at least one to G′. To
prove this last statement, assume that such a vertex does not
exist. Then, pick a vertex whose all qubits belong to, say G;
recall that by assumption G is not empty. Then all vertices
connected to the chosen vertex by a qubit must also belong to
G; recall that we assumed that there is no vertex divided be-
tween the two sets G and G′. Taking into account that all ver-
tices in lattice are connected, following the above reasoning it
is not difficult to realize that in fact all vertices must belong to
G, meaning that G′ is empty. This, however, contradicts the
assumption that the bipartition G|G′ is nontrivial.
Consider then a vertex v which is divided between G and
G′. We consider two possibilities: either one qubit associ-
ated to v belongs to G or two. The third case of three qubits
belonging to G is equivalent to the first one because we can
always considerG′ instead ofG. In the first case, we consider
one of the two plaquette operators Sp which act nontrivially
on the qubit belonging to G. Then, it clearly follows that Sv
and Sp anticommute when restricted to G. The second case
is slightly more involved: one has to idenfity a plaquette op-
erator Sp which acts nontrivially on only one of the G qubits
connected to the vertex v. In such a case, one can indeed
show that SGv and S
G
p satisfy the anticommutation relation.
Let us show that one can always find such a plaquette oper-
ator, by considering the two possible subcases of the two G
qubits connected to the vertex v being: (i) both horizontal or
vertical qubits, or (ii) a horizontal and a vertical qubit each.
For (i), we can label the two qubits without loss of generality
as j and j + 2L. Then, by adopting the notation introduced
above, a valid choice for the reuired plaquette operator is ei-
ther S(j)p,← or S
(j)
p,→ (see Fig. 3). Similarly, in the subcase (ii),
we can take the two qubits to be j and j+L, so that the desired
plaquette operator becomes S(j)p,←. This ends the proof.
APPENDIX C: GEOMETRICAL STRUCTURE OF THE SET
OF POINTS MAXIMALLY VIOLATING ItorN
Here we show that the correlations maximally violating the
Bell inequality (5) span a four-dimensional affine space in the
boundary of the set of quantum correlations, for the the case
of any lattice size L.
To this aim, we follow a similar reasoning as for the five-
qubit code case presented in the main text and we introduce
the following operators
Zhor =
L−1∏
i=0
Z(j+i) (64)
and
Zvert =
L−1∏
i=1
Z(j+2i) . (65)
They consist of a product of Z operators acting respectively on
an horizontal and vertical loop around the torus, containing a
reference qubit j. It is direct to see that they mutually com-
mute and that they commute with any plaquette Sp and vertex
Sv operator. Moreover, they are independent of the stabilizer
StorN . Hence, we can use them to define an orthonormal basis
for the two-qubit subspace of the toric code. More precisely,
such a basis can be chosen to be the collection of four states
{|ψab〉}a,b=±1 inCtorN defined as the eigenstates ofZhor (Zver)
with eigenvalue a (b).
By performing the measurements leading to the maximal
violation of (10) on each of those states, one obtains the corre-
sponding correlation points Pab. To show that, for a, b = ±1,
these four points are represented by linearly independent vec-
tors, it is enough to make use of the fact that the related states
|ψab〉 are eigenvectors of the two additional operatorsZhor and
Zvert. In particular, let us assume that the reference qubit j is
the one where the substitution X(j),Z(j) → (A(j)0 ±A(j)1 )/
√
2
has been made. Then if follows that the corresponding corre-
lation points must satisfy
〈Z˜hor〉Pab =
1√
2
〈(A(j)0 −A(j)1 )
L−1∏
i=1
A
(j+i)
1 〉Pab = a (66)
and
〈Z˜vert〉Pab =
1√
2
〈(A(j)0 −A(j)1 )
L−1∏
i=1
A
(j+2i)
1 〉Pab = b ,
(67)
showing that the four correlation points must differ at least
on these expectation values. Let us notice that one can fol-
low the same reasoning for any other pair of vertical and hor-
izontal loop operators, leading to similar conditions for other
L−body expectation values arising from the Pab’s.
